Classification of quantum spinor fields according to quantum bilinear covariants is introduced in a context of quantum Clifford algebras on Minkowski spacetime. Once the bilinear covariants are expressed in terms of algebraic spinor fields, the duality between spinor and quantum spinor fields is thus discussed. Hence, by endowing the underlying spacetime with an arbitrary bilinear form with a antisymmetric part in addition to a symmetric spacetime metric, quantum algebraic spinor fields and deformed bilinear covariants can be constructed.
I. INTRODUCTION
The formalism of Clifford algebras is fruitful and advantageous in particular when constructing spinors and Dirac operators, and when introducing periodicity theorems and index theorems.
Clifford algebras are essentially associated to a quadratic vector space. Notwithstanding, the underlying vector space may be endowed with bilinear form that is not necessarily symmetric [2] .
For instance, symplectic Clifford algebras are objects of huge interest. More generally, when the underlying vector space is endowed with an arbitrary bilinear form, it exhibits prominent features, especially in the area of algebra representation. The most evident feature distinguishing the so called quantum Clifford algebras (of an arbitrary form) from orthogonal Clifford algebras (of a quadratic form) is that a different Z-grading arises, despite of the Z 2 -grading being the same.
The most general Clifford algebras of multivectors [3] are further named quantum Clifford algebras. The arbitrary bilinear form of a quantum Clifford algebra defines a Z-grading which is required in physics. For instance, it is employed in quantum mechanical setups. In fact, when one analyzes functional hierarchy equations in quantum field theory (QFT), Clifford algebras are applied to provide a description of these functionals. At least time-ordering and normal-ordering are needed in QFT [4] , and singularities due to the reordering procedures are no longer present [5] , in this framework. In a very particular case [6] , quantum Clifford algebras lead to Hecke algebras, which play a major role, for instance, in the discussion of Yang-Baxter equation and link invariants, knots, and integrable systems in statistical physics. Moreover, the coalgebraic and the Hopf algebraic structure associated to those algebras can be thoroughly defined [7] [8] [9] . More strictly, a Clifford algebra is well known not to be a Hopf algebra, as it was demonstrated in [10] . However, invariants have to be different of zero, in order to manufacture a cobilinear form and a antipodal Clifford convolution, which effectively acts as a Clifford Hopf algebra [11] . Otherwise, further extensions are requested in order to accomplish this achievement. In particular, there is an extension to infinite supersymmetric Hilbert spaces, that can emulate a Hopf algebra [10] .
The isomorphism between Clifford algebras Cℓ(V, g) constructed over a vector space V endowed with a symmetric bilinear form g, and quantum Clifford algebras Cℓ(V, B) -built over V equipped with an arbitrary bilinear form B [12] -is here further surveyed. The algebra Cℓ(V, B), besides being isomorphic to Cℓ(V, g), is indeed different in what concerns its vacuum structure, the structure of its representations, and dualities, as comprehensively discussed in [4-6, 11, 12] .
From a more physical point of view, references can be found for a non symmetric model for gravity, and some applications. For instance, the rotation curves of galaxies and cosmology, without adducing dominant dark matter and identifying dark energy with the cosmological constant, can be obtained [13] [14] [15] [16] [17] [18] by just considering the spacetime metric to have symmetric and antisymmetric parts. Moreover, a gravitational theory based on general relativity, that depends on non symmetric tensors playing an important role in the spacetime metric, was formulated and discussed in [13, 15, 19] . Unexpected properties on thick brane-world scenarios have been achieved in this framework [20] .
Different classes of spinor fields have been had unexpected physical applications, even for new possibilities of fermions of mass dimension one in Minkowski spacetime. Precursory results have applications in various aspects of field theory [21] [22] [23] [24] [25] and comprise cosmology [26] [27] [28] [29] [30] [31] [32] , thick branes gravity [20] and black hole thermodynamics [33] as well. Phenomenological aspects of recently new found particles, described by non-standard spinor fields, has been proposed [34, 35] . For instance, in the background of f (R) modified and conformal gravities in a framework with torsion, the Dirac equation discloses solutions that are not Dirac spinor fields. Instead, they have been shown to be the first physical particle manifestation of flag-dipoles spinor fields [36] . Moreover, to depart from the standard Lorentzian spacetime structure conveys novel applications in cosmology and condensed matter, as the results in [21, [37] [38] [39] evince that non-connected spacetimes present surprising properties of non-standard spinor fields. Recently all the spinor classes have been characterized thoroughly [40] .
The goal of this paper is to provide a complete classification of quantum algebraic spinor fields in the context of quantum Clifford algebras and associate to them bilinear covariants, constructing an important duality between the spinor fields in Lounesto's classification and their quantum counterparts. It potentially shall provide the well known results derived from the Lounesto spinor field classification in the regime of quantum gravity. The paper is organized as follows: in Section II, Clifford algebras, bilinear covariants and associated spinor field classification are revisited. In Section III, the correspondence between classical and algebraic spinor fields is obtained. In Section IV, quantum algebraic spinor fields and their important properties are introduced and scrutinized. In Section V, the spinor field classification, according to their bilinear covariants, is described in the quantum Clifford algebraic formalism. The duality between spinor fields and quantum spinor fields is provided and summarized in Table I . In Section VI, we digress about possible further developments. Appendix A contains detailed computations which are reported in Section IV.
II. BILINEAR COVARIANTS
Given an arbitrary element ψ in the exterior algebra (V ) of an n-dimensional real vector space V , the reversion is provided byψ = (−1) [k/2] ψ where [k] stands for the integer part of k.
By endowing V with a symmetric bilinear form g : V × V → R, the extension of g to (V ) can be regarded, and given ξ, κ, φ ∈ (V ), the left contraction satisfy g(κ φ, ξ) = g(φ,κ ∧ ξ). The Clifford product between w ∈ V and κ ∈ (V ) is denoted by juxtaposition and prescribed by wκ = w ∧ κ + w κ. The 2-uple ( (V ), g) endowed with the Clifford product is denoted either by Cℓ p,q or Cℓ(V, g) equivalently, and named the Clifford algebra of (V, g) ∼ = R p,q , where p + q = n is related to the signature of spacetime, being p the number of positive signs in the diagonal metric.
We shall use throughout the text the Einstein's summation convention.
In order to revisit the bilinear covariants, all spinor fields hereupon reside in Minkowski spacetime M ∼ = R 1,3 with metric components η µν = diag(1, −1, −1, −1). The set {e µ } stands for sections of the frame bundle P SO 
For µ, ν, τ = 0, 1, 2, 3, the set {I, γ µ , γ µ γ ν , γ µ γ ν γ τ , γ 0 γ 1 γ 2 γ 3 }, for µ < ν < τ , is a basis for the space of matrices 4 × 4 over the complex field, and γ µ γ ν + γ ν γ µ = 2η µν I, hence constituting a Clifford algebra for M . Classically, J stands for the time-like current of probability, the space-like covector K regards the direction of the electron spin, and S provides the distribution of intrinsic angular momentum. The bilinear covariants satisfy the Fierz identities [41, [45] [46] [47] :
When ω = 0 = σ, the spinor field is said to be singular. Lounesto's spinor field classification is based on six disjoint spinor field classes [45] , where J, K, S = 0 for spinor fields that are not singular:
The first three types of spinor fields are named Dirac spinor fields, whilst the last three are known, respectively, as flag-dipole, flagpole and dipole spinor fields. Flagpole spinor fields have been recently explored as candidates for dark matter, see, e.g., [22] [23] [24] , and range across Elko and Majorana spinor fields. Flag-dipole ones are pictured for instance by recently new found particles that are solutions of the Dirac equation in Einstein-Sciama-Kibble gravities [36] . Dipole spinor fields have Weyl spinor fields as their most known representative.
The multivector field
provided that σ, J, S, K, ω satisfy the Fierz identities [45] . Moreover, Z is named a boomerang
For singular spinor fields, all the Fierz identities in (2) are replaced by [45, 47] :
III. CLASSICAL, ALGEBRAIC SPINORS AND SPINOR OPERATORS
In this section we briefly revisit and further develop the formalism of algebraic spinor fields in order to make it easier to define quantum spinor fields in later sections. An arbitrary element of Cℓ 1,3 is written as:
µν e µ e ν + h µντ e µ e ν e τ + pe 0 e 1 e 2 e 3 .
Given an isomorphism Cℓ 1,3 ≃ M(2, H), in order to obtain a spinor representation of Cℓ 1,3 , a primitive idempotent f = 
If Ω = ǫf ∈ Cℓ 1,3 f is set, hence the components in (3) and (4) are precisely related by:
By assigning i = e 2 e 3 , j = e 3 e 1 , and k = e 1 e 2 , the set {1, i, j, k} provides a basis for an algebra that is isomorphic to the quaternion algebra H. The minimal left ideal Cℓ 1,3 f is also a right H-module:
thereby the quaternionic coefficients should be written to the right of f . The two quaternions appearing as coefficients in (4), namely,
where K = f Cℓ 1,3 f = span R {1, e 2 e 3 , e 3 e 1 , e 1 e 2 } ∼ = H, commute with both the elements f and e 0 e 1 e 2 e 3 . Hence, f q 1 + e 0 e 1 e 2 e 3 f q 2 = q 1 f + q 2 e 0 e 1 e 2 e 3 f, and the left ideal Cℓ 1,3 f is a right module over K with a basis {f, e 0 e 1 e 2 e 3 f }.
Matrices representing the basis elements {e µ } can be obtained:
as well as matrices representing elements f and e 0 e 1 e 2 e 3 f , namely,
Thus, the general element ǫ ∈ Cℓ 1,3 in (3) has the matrix representation:
where 
which in the light of the quaternionic representation in Eqs. (7) and (8) is provided by
The vector space isomorphisms C 4 (≃ H 2 ) ≃ Cℓ 
Returning to Eq. (9), and using for instance the standard representation
the complex matrix associated to the spinor operator Ψ in (9) can be written as
The Dirac spinor ψ is an element of the minimal left ideal (C ⊗ Cℓ 1,3 )f generated by f = 1 4 (1+e 0 )(1+ιe 1 e 2 ), fixing the Dirac representation that sends the basis vectors e µ to γ µ ∈ End(C 4 ). Hence, ψ = Ω 
is identified to the usual form corresponding to a classical spinor:
This provides an immediate identification between the algebraic and the classical definitions of a spinor field.
IV. QUANTUM ALGEBRAIC SPINOR FIELDS
We let Cℓ(V, g) denote the Clifford algebra over a vector space V endowed with a symmetric bilinear form g : V × V → R that defines a quadratic form Q : V → R, and we let Cℓ(V, B) denote the quantum Clifford algebra constructed over V equipped with an arbitrary bilinear form B = g+A where A : V × V → R denotes hereon the antisymmetric part of B. Such two algebras are isomorphic as Z 2 -graded algebras [12] . Moreover, as Q(u) = B(u, u), the Clifford algebra Cℓ(V, g)
is isomorphic to the associative algebra defined on the exterior algebra (V ) with (associative) product determined by
for any u ∈ V and ψ ∈ (V ), where u
, is the antiderivation of degree −1 on the exterior algebra (V ) determined by u B v = B(u, v)1, for any v ∈ V . The interesting fact of this result by Chevalley is that this is independent of B. Hence, the B-product determined by Eq. (15) is isomorphic to the usual product in Cℓ(V, g) (where A = 0). Nevertheless, it shall be clear in what follows that although Cℓ(V, B) and Cℓ(V, g) are isomorphic, novel signatures can be evinced when we look at the Clifford algebra Cℓ(V, B) from the point of view of Cℓ(V, g).
The antisymmetric part A of the arbitrary bilinear form B have already been analyzed and interpreted [12] . This transparent analysis compares Clifford methods to q-deformed counter parts, and scrutinizes the vacuum structure of such theories likewise, including BCS superconductivity and the gap equation. Moreover, if we denote the entries of B by B ij , the symmetric part g ij = (B ij + B ji )/2 and the antisymmetric part A ij = (B ij − B ji )/2, the parameters A ij may describe environmental settings, like for instance, the external temperature, which induce an interaction mediated by the A ij 's. The procedure of q-deformation is related to such interactions as the R-matrix described the scattering matrix, in that case form Cooper pairs [49, 50] . It is very interesting to note moreover that the mod 8 periodicity structure fails to hold in Cℓ(V, B), as an exotic indecomposable 8-dimensional spinor state is achieved [49] .
The quantum Clifford algebra Cℓ(V, B) has two alternative underlying vector space structures: the usual exterior algebra (V ) with the standard wedge product and the dotted-exterior algebrȧ (V ) with a bilinear associative multiplication∧ defined in terms of the standard exterior product.
In order to define this multiplication, consider the map V → End( (V )) such that u → l u + δ A u , where l u (ψ) = u ∧ ψ for any ψ ∈ (V ), and δ A u is the antiderivation of (V ) such that δ A u (v) = A(u, v)1 for any u, v ∈ V . Since (l u + δ A u ) 2 = 0, this map induces a homomorphism λ : (V ) → End( (V )). For any u 1 , . . . , u r ∈ V ,
This shows that the linear map ϕ : (V ) → (V ) given by ϕ(ψ) = λ(ψ)(1), for any ψ ∈ (V ), is bijective. Moreover, ϕ(1) = 1 and ϕ(u) = u for any u ∈ V . Also we have
for any u, v ∈ V , and similarly
for any u, v, w ∈ V .
Define the new associative multiplication∧ on (V ) by the formula
for any ψ, ξ ∈ (V ) and denote by˙ (V ) the algebra defined on (V ) with this new multiplication.
From its definition, it is clear that ϕ is an isomorphism between (V ) and˙ (V ), hence the new product is associative. Thus the above equations give
Thus, in particular,
Hence we see that˙
. In other words, the 3-forms in the dotted-exterior algebra˙ (V ) are indeed related to an element which is the sum of 1-forms and 3-forms in the standard exterior algebra (V ).
The algebra˙ (V ) is hence Z-graded:˙ (V ) = n r=0˙ r (V ), where˙ r (V ) = ϕ ( r (V )) is the linear span of the elements u 1∧ · · ·∧ u r . Each homogeneous subspace in the above direct sum is a proper subset of the direct sum of subspaces in the standard exterior algebra that have the same
It is straightforward to realize that˙ (V ) and (V ) have different Z-gradings although they present the same Z 2 -grading. Moreover, Therefore, the elements of˙ k (V ) behave like k-forms with respect to the algebra˙ (V ) but they are inhomogeneous sums of k-forms, (k-2)-forms, (k-4)-forms and thereon, in general, with respect to the exterior algebra (V ). Which exterior algebra -either the dotted or the undotted one -we shall use to describe physics, has been a choice heretofore.
Instead, when V = R 1,3 , experimentalists should measure the B-bilinear covariants, which will be defined in the next section, and use the undotted basis B = {1, e µ , e µ ∧ e ν , e µ ∧ e ν ∧ e τ , e 0 ∧ e 1 ∧ e 2 ∧ e 3 } ⊂ (V ),
and not the dotted basiṡ B = {1, e µ , e µ∧ e ν , e µ∧ e ν∧ e τ , e 0∧ e 1∧ e 2∧ e 3 } ⊂˙ (V ), in order to perform measurements. This has a very strong geometric reason, which might prefer one over the other basis by considering an independent coordinatization of point and hyperplane spaces in a projective setting [12] .
Although the exterior algebras (V ) and˙ (V ) are isomorphic (indeed equal) as vector spaces, having the same Z 2 -grading, reversion, as opposed to graded involution which depends upon the invariant Z 2 -grading, depends on the chosen antisymmetric part if and only if described in the original basis B.
Now we pass to the Clifford algebraic structure by denoting, as usual, the standard Clifford product by juxtaposition. As the bilinear covariants are to be defined in quantum Clifford algebra for the Minkowski spacetime, we restrict our analysis to V = R 1,3 . Given ψ ∈ Cℓ(V, g), the B-products between homogeneous multivectors and arbitrary multivectors are defined as follows:
a) u is a 1-vector:
b) uv is a 2-vector:
c) uvw is a 3-vector:
In Eq. (14) we used the minimal ideal generated by the idempotent
In Cℓ(V, B) all formalism is recovered when we analogously consider a left ideal Cℓ(V, B)f B where
All results in the last section for Cℓ(V, g) are obtained mutatis mutandis, just by changing the standard Clifford product γ µ γ ν by the quantum one:
The last expression is the prominent essence of transliterating Cℓ(V, B) to Cℓ(V, g). In Cℓ(V, B)
we have the left ideal Cℓ(V, B)f B generated by (20) which can be expanded as
where
Our formalism is independent of representation. Just to have some intuition, in the Dirac representation, the idempotent f B in (20) reads f = diag (1, 0, 0, 0), and by substituting the expression
(which is exactly Eq. (19)) in (22), we obtain 
When A µν = 0, the latter implies that the bilinear form B is symmetric (B = g) and the standard spinor formalism is recovered. Let us denote by Cℓ B 1,3 the Clifford algebra Cℓ(V, B), where V = R 4 . We adopt a new basis {e µ B } for Cℓ(V, B) via the B-product, which is related to the basis {e µ } ⊂ Cℓ(V, g) by e µ B = exp(A/2) e µ exp(−A/2) [49] , what further shows in a different manner that Cℓ(V, g) and Cℓ(V, B) are isomorphic.
An arbitrary element of ψ B ∈ Cℓ B 1,3 is written as
Using Eqs. (21, 23), we can write (25) as
where ψ is an arbitrary element in the standard Clifford algebra Cℓ 1,3 given by (3). Hereon we shall shorten Eq. (26) to
The latter display shows that an arbitrary element of Cℓ B 1,3 can be written as a sum of an arbitrary element ψ of Cℓ 1,3 and an A-dependent element ψ(A) of Cℓ 1,3 . Here,
where ǫ µνρσ denotes the Levi-Civita symbol.
An algebraic B-spinor is defined to be an element of the ideal (C⊗Cℓ B 1,3 ) B f B . Using Eqs. (22, 27) , an arbitrary algebraic B-spinor can be written as 1 :
Hereupon we shall denote by s = (h µν A µν + ǫ µνρσ A µν A ρσ ) the scalar part of ψ(A) (see (28)). Each term in Eq. (28) is explicitly shown in the appendix.
V. SPINOR FIELDS CLASSIFICATION IN QUANTUM CLIFFORD ALGEBRAS
The main goal of this section is to provide some physical insight into the mathematical formalism presented thus far and describe the correspondence between spinor fields in the spacetime and the quantum spinor fields, already named B-spinor fields.
As in the orthogonal Clifford algebraic formalism, the Lounesto's quantum spinor field classification is given by the following spinor field classes [45] , where in the first three classes it is implicit that J B , K B , S B = 0:
It is always possible to write:
, and
In general, since we assume the antisymmetric part of the bilinear form A = 0 (otherwise there is nothing new to prove), it follows that all the A-dependent quantities σ(A), J(A), S(A), K(A), and ω(A) do not equal zero. The expressions for such A-independent terms are developed in the appendix.
There is an immediate duality between the spinor fields in the Lounesto classification and the quantum spinor fields that are distributed in the six classes 1 B ) − 6 B ) above: All that it is above discussed can be encrypted in Table I .
VI. CONCLUDING REMARKS AND OUTLOOK
We have shown that the introduction of an antisymmetric part into the spacetime metric drastically alters the structure of spinor fields and their classification based on the bilinear covariants. All the results deriving a duality between standard and quantum spinor fields are condensed in Table   I . The distribution of intrinsic angular momentum, formerly a legitimate bivector in the standard Clifford algebra Cℓ(V, g), is now the direct sum of a bivector and a scalar which shows different Z-grading induced by the arbitrary bilinear form in the underlying vector space. Furthermore, the direction of the electron spin K is now a paravector (the sum of a scalar and a vector), which is not a homogeneous Clifford element. Indeed, in Cℓ(V, B) it is homogeneous, but in Cℓ(V, g) it is a paravector. It is useful to look at the Clifford algebra Cℓ(V, B) in the (V ) basis and not in the canonical˙ (V ). As previously already asserted, in order to perform experiments and phenomenology concerning the B-bilinear covariants, the basis for (V ), and not for˙ (V ) should be taken into account, by considering an independent coordinatization in a projective setup. In the quantum field theory, the self duality of this coordinatization implies precisely the Feynman propagator. Bilinear covariants exhibit, however, more structure, e.g., the dualities. These do change and one can use this to obtain Hecke algebras, Yang-Baxter solutions [51] , some issues that are far beyond the scope here which was to provide a complete spinor field classification according to the bilinear covariants in a quantum Clifford algebra for the Minkowski spacetime.
The classification encoded in Table I present a straightforward way to probe the bilinear form that endows the spacetime. Moreover, it reveals the duality between the standard and the quantum spinor fields, under Lounesto's spinor field classification, by proposing which classes of spinor fields can be connected by the introduction of a antisymmetric part in the spacetime metric. Besides the more general mathematical aspects, both field theory and gravitation comply not to fix ab initio the vector space to be endowed with a symmetric bilinear form. 
